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Coalgebraic Logic

Syntax e.g. Λ = {3/1} for FX = PX
For a modal signature Λ, put

φ1, . . . , φn ::= > | φ1 ∧ φ2 | ¬φ | ♥(φ1, . . . , φn) ♥/n ∈ Λ

Definition: Predicate Lifting for ♥/n ∈ Λ Pattinson ’03

= Natural transformation J♥KX : (2X )n → 2FX

e.g. J3KX : 2X → 2PX P 7→ {K ∈ PX | ∃x ∈ K : x ∈ P}

Semantics in c : C → FC

J>K = C Jφ ∧ ψK = JφK ∩ JψK J¬φK = C \ JφK

x ∈ J♥(φ1, . . . , φn)K :⇔ c(x) ∈ J♥KC (Jφ1K, . . . , JφnK)
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Witnesses for (In-)Equivalence

Task
Given x , y in a finite transition systemF -coalgebra ,
construct a witness whether
x , y are bisimilarbehavourally equivalent

find bisimulationcoalgebra morphism

relating x and y
find modalcoalgebraic formula
distinguishing x and y

coalgebraic partition
refinement (Concur’17)

the present paper

Yes No

Adequacy Theorem for transition systemsF -coalgebras

x , y bisimilarbeh. equivalent =⇒ x , y accept the same modalcoalgebraic formulae
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Certificates

For c : C → FC , e.g. a transition system with states C

Distinguishing Formula

φ distingishes X ⊆ C from Y ⊆ C
if X ⊆ JφK and JφK ∩ Y = ∅.

X Y
JφK

C

For Y := C \ X :

Certificate

φ certificate for X ⊆ C if JφK = X

distinguishing
formula

for every pair
=

certificates for
behavioural
equivalence

classes

J3
2
⊥K

J3> ∧23>K

J2⊥K

•y •

•x •



Preliminaries Task Partition Refinement Certificates Cancellativity | Thorsten Wißmann | 6 / 12

Certificates

For c : C → FC , e.g. a transition system with states C

Distinguishing Formula

φ distingishes X ⊆ C from Y ⊆ C
if X ⊆ JφK and JφK ∩ Y = ∅.

X Y
JφK

C

For Y := C \ X :

Certificate

φ certificate for X ⊆ C if JφK = X

distinguishing
formula

for every pair
=

certificates for
behavioural
equivalence

classes

J3
2
⊥K

J3> ∧23>K

J2⊥K

•y •

•x •



Preliminaries Task Partition Refinement Certificates Cancellativity | Thorsten Wißmann | 6 / 12

Certificates

For c : C → FC , e.g. a transition system with states C

Distinguishing Formula

φ distingishes X ⊆ C from Y ⊆ C
if X ⊆ JφK and JφK ∩ Y = ∅.

X Y
JφK

C

For Y := C \ X :

Certificate

φ certificate for X ⊆ C if JφK = X

distinguishing
formula

for every pair
=

certificates for
behavioural
equivalence

classes

J3
2
⊥K

J3> ∧23>K

J2⊥K

•y •

•x •



Preliminaries Task Partition Refinement Certificates Cancellativity | Thorsten Wißmann | 6 / 12

Certificates

For c : C → FC , e.g. a transition system with states C

Distinguishing Formula

φ distingishes X ⊆ C from Y ⊆ C
if X ⊆ JφK and JφK ∩ Y = ∅.

X Y
JφK

C

For Y := C \ X :

Certificate

φ certificate for X ⊆ C if JφK = X

distinguishing
formula

for every pair
=

certificates for
behavioural
equivalence

classes

J3
2
⊥K

J3> ∧23>K

J2⊥K

•y •

•x •



Preliminaries Task Partition Refinement Certificates Cancellativity | Thorsten Wißmann | 7 / 12

Initially

All states of c : C → FC are grouped w.r.t. C
c−→ FC

F !−→ F1
For example: live states J3>K and deadlock states J2⊥K.

Refinement Step for P

. . . . . .

0.3 0.7 0.5 0.5 0.2 0.8

B = JβK

S = JδK B \ S

A=JαK" "

"

α ∧
2(β → δ)

α ∧ ¬3(δ)

States x1, x2 ∈ A stay
together iff

PχB
S (c(x1)) = PχB

S (c(x2)).

χB
S : C → 3

χB
S (x) =


2 if x ∈ S

1 if x ∈ B \ S
0 if x 6∈ B

C
c−→ PC

PχB
S−−−→ P3
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Generic Certificates

In the refinement step S $ B ⊆ C , we refine blocks w.r.t.

C
c−→ FC

FχB
S−−→ F3

Definition: F3-modalities

For F : Set→ Set, define the signature

Λ = {ptq/2 | t ∈ F3} (ptq = syntactic representation)

Semantics

λptqX : (2X )2 → 2FX λptqX (S ,B) = {t ′ ∈ FX | FχB
S∩B(t ′) = t}

x ∈ Jptq(δ, β)K ⇐⇒ Fχ
JβK
JδK (c(x)) = t if JδK ⊆ JβK

Example for F = P
p{0, 2}q(δ, β) is equivalent to

‘0’︷ ︸︸ ︷
3¬β ∧ ¬

‘1’︷ ︸︸ ︷
3(β ∧ ¬δ) ∧

‘2’︷ ︸︸ ︷
3(δ ∧ β).
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In the refinement step S $ B ⊆ C , we refine blocks w.r.t.

C
c−→ FC

FχB
S−−→ F3

Definition: F3-modalities

For F : Set→ Set, define the signature

Λ = {ptq/2 | t ∈ F3} (ptq = syntactic representation)

Semantics

λptqX : (2X )2 → 2FX λptqX (S ,B) = {t ′ ∈ FX | FχB
S∩B(t ′) = t}

x ∈ Jptq(δ, β)K ⇐⇒ Fχ
JβK
JδK (c(x)) = t if JδK ⊆ JβK

Example for F = P
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3¬β ∧ ¬
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Coalgebraic Partition Refinement with Certificates

Algorithm: during partition refinement for c : C → FC

1 Initially: annotate the block of x with the constant:
pF !(c(x))q where t ∈ F1 ⊆ F3.

2 Whenever A = JαK is split for S $ B ⊆ C , S = JδK, B = JβK:
annotate the block of x ∈ A with: α ∧ pFχB

S (c(x))q(δ, β)

Theorem.

If F is zippable [Concur’17] and (C , c) has n states and m
transitions, then the algorithm...

1 is correct: every block is annotated with its certificate

2 constructs formulae of dag size: O(m · log n + n).

3 requires only constant run-time overhead.
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Coalgebraic Partition Refinement

Theorem Wißmann, Dorsch, Milius, Schröder ’20

If F is zippable and has a refinement interface, then coalgebraic
partition refinement runs in

O((m + n) · log n)

time for m transitions and n states.

Corollary

Under these assumptions, we obtain certificates and distinguishing
formulae in O((m + n) · log n) time.

Examples

Automata, Tree Automata, Transition Systems, Weighted Systems,
Markov chains, · · ·
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If you know weights x → S and x → B,
do you know the weight x → B \ S?

x

. . .. . .

"

a1 ak b· · · · · ·

S B \ S

Definition: Functor F : Set→ Set is cancellative if

〈Fχ{1,2},Fχ{2}〉 : F3→ F2× F2 is injective

Monoid-valued functor M(−) is cancellative
⇔ the monoid M is cancellative

e.g. R(−) is cancellative, Pf = 2(−) is not.

Identity and constant functors are cancellative.

Cancellative functors closed under subfunctors, +, ×
zippable and cancellative are independent.

Theorem: If the functor F is cancellative, then we can replace

pFχB
S (c(x))q(δ, β) with pFχS(c(x))q(δ) (F2 ⊆ F3)
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Conclusions

Certificates for behavioural equivalence classes can be
constructed efficiently, with only constant run-time overhead

The size of the DAG representing the formula bounded by
O(m · log n)

Also in the paper

Rewrite certificates to domain-specific modalities (e.g. 3, 〈a〉p).

Hennessy-Milner-Theorems for free

for >, ∧, ¬, ptq/2 (t ∈ F3) if F is zippable.

for >, ∧, ptq/1 (t ∈ F2) if F is zippable and cancellative.
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